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Abstract— In a tokamak plasma, the electrons are confined by 
total helicoidal magnetic field and they are subject to 
Lorentz’s force which allows them to gyrate around the field 
lines. These gyrating electrons emit electromagnetic radiations 
known as electron cyclotron emission ECE at the cyclotron 
resonance frequency and its harmonics. These frequencies fall 
in the millimeter wave region of electromagnetic spectrum. 
Radiometry of electron cyclotron emission (ECE) can be used 
to determine the electron temperature of the plasma. In such 
middle, the optical depth depends on the electron density and 
on the electron temperature, decreases with increasing 
harmonic number. 
  

Keywords—Electron, cyclotron, emission, harmonics, 
radiometry, optical depth, harmonic number. 

I. INTRODUCTION 
The injection of electron-cyclotron (EC) waves is 
nowadays a well-established method for coupling energy to 
plasma electrons in modern fusion devices, with primary 
applications the plasma heating (ECRH) and the generation 
of non-inductive current drive (ECCD). These applications 
based on the interaction of electromagnetic (EM) wave 
with resonant electrons motion when they gyrate around 
magnetic field lines. At the same time, Because of this 
accelerated motion electrons emit electromagnetic radiation 
at the cyclotron resonance angular frequency and its 
harmonics.  

Electron cyclotron emission (ECE) measurements are used 
in most tokamaks to obtain highly resolved measurements 
of the electron temperature. A good time resolution and a 
high spatial resolution, with a full plasma coverage 
provided at the same time in case of multichannel 
receivers. 

II. ELECTRON CYCLOTRON WAVE IN MAGNETIZED PLASMA  
To describe the propagation of electron cyclotron waves 

in plasma is generally used the cold plasma approximation 
[2]. In this approximation the plasma pressure is assumed 
very small compared to the magnetic pressure ߚ ≪ 1. In 
this case the thermal motion of electrons may be negligible 
in terms of oscillations of the wave ݒఝ ≫  ఝ isݒ ௧௛ whereݒ
the phase velocity of the wave and  ݒ௧௛ is an electron 
thermal velocity and the Larmor radius is small compared 
to the wave length [3]. Considering plane wave solutions of 
Maxwell's equations, such as fluctuating quantities vary as 
ሬሬ⃗࢑) ݅) ݌ݔ݁  . ሬ⃗࢘ −  In Fourier space, we can find a wave .((ݐ߱
equation of the form [4]: 
        ݇ଶࡱሬሬ⃗ − ሬሬ⃗࢑ ൫࢑ሬሬ⃗ ሬሬ⃗ࡱ ൯ − ቀఠ

మ

௖మ
ቁࡰሬሬ⃗ = 0             (1) 

Where ࢑ሬሬ⃗  is the wave vector, ࡰሬሬ⃗ = ሬሬ⃗ࡱനܭ  is the electrical 
induction vector, ࡷന  is the dielectric tensor [2] [5], [6], ࡱሬሬ⃗   is 
the vector of wave electric field. If the refractive index is 
written ࡺሬሬ⃗ = ఠ

௖
ሬሬ⃗࢑  , the equation (1) can conduct to resolving 

the dispersion equation which may take the form :  

ସܰܣ +  ଶ+C=0                                                        (2)ܰܤ

With ܣ = ߠଶ݊݅ݏܵ + ܤ ,ߠଶݏ݋ܿܲ = ߠଶ݊݅ݏܮܴ + ܲܵ(1 +
ܥ and (ߠଶݏ݋ܿ =  In the case of perpendicular .ܮܴܲ
propagation to magnetic field ( ூܰூ = 0). We obtain two 
solutions of equation (2) for the perpendicular refractive 
index, which can be written: 

ܰைଶ = ܲ = 1− ఠ೛మ

ఠమ,                                                     (3) 

     ௑ܰ
ଶ = ௌమି஽మ

ௌ
= 1− ఠ೛೐మ

ఠమ
൫ఠమିఠ೛೐మ ൯

൫ఠమିఠ೛೐
మ ିఠ೎೐మ ൯

                        (4) 
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These transverse electromagnetic solutions are well known 
by the names of ordinary mode (O-mode) and 
extraordinary mode (X mode) [7]. The first mode does not 
have any resonance and propagate for ߱ >  ߱௣௘ because of 
the cut-off and the second one has two cut-offs and two 
resonances. According to the phase velocity ߱/݇, it 
decomposes in fast (F) and slow (S) as shown in Fig 3. The 
two branches of propagation (ordinary and extraordinary) 
appear and we can see that the ordinary mode propagates 
for frequencies such that ߱ >  ߱௣௘. The extraordinary 
mode is propagated for ߱௅ < ߱ <  ߱௨௛ , evanescent for 
߱௨௛ < ߱ < ߱ோ . It becomes propagative when ߱ > ߱ோ . 
With ߱ோ , ߱௅  are the cutoff frequencies of the X mode, 
called right and left modes, defined by:      

߱ோ,௅ = ଵ
ଶ
ቂ∓߱௖ + ൫߱௖

ଶ + 4 ௣߱
ଶ൯
ଵ/ଶ
ቃ                       (5) 

The X mode has a cold resonance (ܰୄ → ∞), given by: 

߱௨௛ = ඥ߱௖ଶ+߱௣ଶ                                                  (6) 

This resonance is called upper hybrid (UH) is not available 
if ߱ >  ߱௖  . There is also a lower hybrid resonance [8], it 
is well below the electron cyclotron frequency domain and 
therefore not interfere here.  

 

Figure 1: Dispersion diagram of O-mode and X-mode 

 

III. ABSORPTION OF EC WAVES 
We take the viewpoint of geometrical optics by considering 
a plane monochromatic wave type 
ሬ⃗ܧ (r⃗, (ݐ = ሬ⃗ܧ  (ሬ݇⃗ , ሬ݇⃗]݅}݌ݔ݁ (߱ . ݎ⃗  −  for which one trying {[ݐ߱ 
to describe the dissipation by introducing the concept of 
absorption coefficient. For there to be absorption, it is 
necessary that ݇ =  ݇ʹ +  ݅݇௔ʹʹ avec the imaginary part of 
wave vector ݇௔ʹʹ = (߱/ܿ)ܰʹʹ ≠  0. Then the absorption 
coefficient [7] is given by 

ߙ = −2݇௔ʹʹ .
௩ሬ⃗೒
௩೒

                                                                (7) 

With  ݒ௚ሬሬሬሬ⃗ = ௗ௥⃗
ௗ௧

 is the group velocity. 

For the explicit calculation of the absorption coefficient, we 
introduce another approach based on energy conservation, 
using the anti-Hermitian part of the dielectric tensor. 
Poynting's theorem [9] writes: 

డௐబ,೟
డ௧

+ ∇.ሬሬሬ⃗ ܵ⃗଴,௧ = −ȷ⃗୲. Eሬሬ⃗ ୲                                             (8) 

Where ߲ ଴ܹ,௧/߲ݐ, the instantaneous energy density contains 
the magnetic |۰ሬሬ⃗  and electrostatic  ଵ (଴ߤ2)/ଶ|ܜ

ଶ
ሬሬ⃗ࡱ|଴ߝ  ଶ|࢚

energies respectively. ࡿሬሬ⃗ ૙,࢚ is the instantaneous Poynting 
vector in vacuum describing the flow of electromagnetic 
energy. The source term −଎⃗ܜ. ۳ሬ⃗  describes the interactions ,ܜ
of the wave with the plasma. By performing the time 
average over a few periods of oscillations 〈۳ሬ⃗ = ݐ〈ܜ
ሬ⃗࢘)ଵܧ  ሬሬ⃗࢑݅)݌ݔ݁ ( . ሬ⃗࢘ ), and separating explicitly the hermitian 
and anti-hermitian parts of dielectric tensor introduced into 
the source term, we can be extracted from equation (8) the 
absorption coefficient as: 

ߙ = ఌబఠாభ
∗ሬሬሬሬ⃗ ௄നೌாభሬሬሬሬ⃗

หௌ⃗ห
                                                            (9) 

Where ࡱ૚∗ሬሬሬሬ⃗  is the complex conjugate of  ࡱ૚ሬሬሬሬ⃗  and ࡿሬሬ⃗ = ሬሬ⃗ࡿ ૙ +
ሬሬ⃗ࡽ ሬሬ⃗ࡿ with ࢙ ૙ = ଵ

ସఓబ
ܴ݁൫ࡱሬሬ⃗ ૚∗ ∧ ሬሬ⃗࡮ ૚ ሬሬ⃗ࡱ+ ૚ ∧ ሬሬ⃗࡮ ૚∗൯ and ࡽሬሬ⃗ ࢙ =

− ଵ
ସ
ε଴ωࡱሬሬ⃗ ૚∗

డࢎࡷധധധധ

డ௞
. ሬሬ⃗ࡱ ଵ.  
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A. Optical Deph (Optical thickness): 

A useful quantity is the optical depth ߬ [1], [8], [10], which 
is defined as the integral of the absorption coefficient ߙ 
along the trajectory s of the wave:   ߬ = ߙ−∫  The total . ݏ݀
absorbed power ௔ܲ௕௦  in the plasma can then be written as 

௔ܲ௕௦ =  ௜ܲ௡௝(1 −  (10)                                      (( ߬−)݌ݔ݁ 

 

 
Figure 2: The fraction of absorbed power as a function of optical 
depth [9]. 

We can see an illustration of the function ௔ܲ௕௦/ ௜ܲ௡௝  on the 
Figure 2 where we define that the plasma is optically thick 
when τ > 3, i.e. when the fraction of absorbed power 
௔ܲ௕௦/ ௜ܲ௡௝  >  95%.  

The relation of resonance is given by the relativistic 
cyclotron resonance condition of energy exchange between 
the wave electron cyclotron and plasma as follows: 

ߛ − ݇ூூݒூூ − ݊ ఠ೎೐
ఠ

= 0                                              (11) 

The term ݇ூூݒூூ describes longitudinal Doppler shift [3]. 
The term ݊߱௖௘/߱ describes the gyration of the electron; ݊ 
is the order of the harmonic excited. 

TABLE I 
 The optical depth of EC waves [8] 

 
Mode Expression 

݊ ≥ 1 O-mode-
⊥ τ =

ଶ݊ଶ(௡ିଵ)ߨ

2௡ିଵ(݊ − 1)!ܰை
ଶ௡ିଵ ൬

߱௣
߱௖
൰
ଶ
ቀ
௧ݒ
ܿ
ቁ
ଶ௡ ܴ
 ߣ

݊ ≥ 2 X-mode-
⊥ τ =

ଶ݊ଶ(௡ିଵ)ߨ

2௡ିଵ(݊ − 1)! ௡ܣ
൬
߱௣
߱௖
൰
ଶ
ቀ
௧ݒ
ܿ
ቁ
ଶ(௡ିଵ) ܴ

 ߣ

With ܣ௡ = ௑ܰ
ଶ௡ିଷ ൭1 +

ቀ
ഘ೛
ഘ೎

ቁ
మ

௡൫௡మିଵିఠ೛మ/ఠ೎మ൯
൱ 

݊ = 1 X-mode 
oblique 

τ

= ଶߨ ௑ܰ
ହ ൬1 +

߱௣
߱௖
൰
ଶ
ቆ
߱௖

߱௣
ቇ
ଶ

ቀ
௧ݒ
ܿ
ቁ
ଶ
ߠଶݏ݋ܿ

ܴ
ߣ  

 

The table 1 present the optical depths of a plasma slab in 
which the magnetic field varies as 1 ~ ܤ/ܴ and we have: 

1- For the O-mode, the optical depth is given for 
perpendicular propagation and for all harmonics n = 1, 
2. 

2- Similarly for the X-mode and the harmonics  ݊ ≥ 2 .  

3- The optical depth for the fundamental harmonic ݊ = 1 
of the X-mode is given for oblique propagation.  

In the table, ݒ௧௛ = (݇஻ ௘ܶ/݉௘)ଵ/ଶ  is the thermal velocity of 
the electrons. In most current ECRH tokamak experiments 
either the fundamental O-mode or second harmonic X-
mode are employed resulting in complete single pass 
absorption. As is shown on Figure 3, the optical depth for 
the second harmonic X-mode is the largest one. 

 

Figure 3: The optical depth ࣎ for O1, X2, X3 modes [10]. 

IV. ELECTRON CYCLOTRON EMISSION 

In a tokamak, plasma is confined and stabilized by 
combination of an internal poloïdal magnetic field and a 
strong external applied toroidal magnetic field. The 
electrons , subject to Lorentz’s force gyrate around the field 
lines at frequency (ߛ = 1, a non relativistic case): 
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௖݂ =  ௘                   (12)݉ߨ2/ܤ݁

The gyrating electrons emit electromagnetic radiations 
known as electron cyclotron emission ECE at its 
harmonics. These frequencies fall in the millimeter wave 
region of electromagnetic spectrum. This radiation from 
electrons will be responsible of radiated energy loss from 
fusion plasmas. In a tokamak, the toroïdal magnetic field is 
generated by external coils ܤ௧ = (ܴ)௧ܤ ∝  1/ܴ, where ܴ is 
the major radius. This spatially varying magnetic field 
causes the electron to emit cyclotron radiation at 
frequencies corresponding to their radial location in 
plasma. A region of plasma that emitting ECE, at its 
cyclotron frequency is also an absorber of radiation at the 
same frequency incident on its intensity of the radiation 

At low frequencies, the plasma is optically thick. Any 
radiation is reabsorbed. The plasma is like a black-body 
[12]. The black-body intensityܫ஻஻, radiated power per unit 
area and unit solid angle, is given by Plank’s law. 

஻஻݀߱ܫ = ௛ఠయ

଼గయ௖య
ଵ

௘
ℏഘ
ೖ೅೐

షభ
݀߱   (13) 

Where ݀߱ is the observable angular frequency interval. For 
tokamak plasma ℎߥ < 1ܸ݉݁, ݇ܶ > 10 ܸ݁), ℎߥ ≪ ݇ܶ and 
hence the Rayleigh-Jeans approximation holds: 

(߱)஻஻ܫ = ఠమ௞ ೐்
଼గయ௖మ

    (14) 

In these cases the plasma is said to be optically thick for 
that radiation. So Te can be estimated from the intensity. 

As is shown on the Figure 4, the most important intensity 
corresponds to second harmonic for either O-mode or X-
mode. In other cases where the absorption is not strong, the 
plasma is said to be optically thin and the ECE intensity 
from that layer is a function of its electron density as well 
as temperature. 

 

Figure 4: The intensities emitted for harmonics n=1, 2, 3of O-mode and 
X-mode [11]. 

At high frequencies, reflections from the walls become 
important and the intensity written as: 

(߱)ܫ = (߱)஻஻ܫ ଵି௘షഓ(ഘ)

ଵି௥௘షഓ(ഘ)              (15) 

Where τ is the optical thickness and r is the reflection 
coefficient.   

A. The Spectrum of Electron Cyclotron Emission 
 For perpendicular direction to the magnetic field, X waves 
dominate and the spectrum of electron cyclotron emission 
is obtained using Fourier transform spectroscopy [11]. 

 

Figure5: Scheme for measuring the intensity of wave emission from 
plasma fusion (Michelson interferometer systems). 

Suppose plasma emits a single frequency and the field at 
detector due to beam reflected off stationary mirror 

ଵܧ = ݀݇)ݏ݋ܿܣ  (16)           (ݐ߱−

Field at detector due to beam reflected off moving mirror 
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ଶܧ = ݀)݇)ݏ݋ܿܣ + (ݔ −  (17)                (ݐ߱

The output of the square-law detector is 

ଵܧ) + ଶ)ଶܧ = ଶݏ݋ଶܿܣ4 ቀ݇
ݔ
2
ቁܿݏ݋ଶ ቀ݇ ቀ݀ +

ݔ
2
ቁ −  ቁݐ߱

= ଶݏ݋ଶܿܣ4 ቀ݇ ௫
ଶ
ቁ ଵ
ଶ
൬1 + 2ቀ݇ݏ݋ܿ ቀ݀ + ௫

ଶ
ቁ −  ቁ൰   (18)ݐ߱

The low-frequency part is 

ܸ = ଶݏ݋ଶܿܣ2 ቀ݇ ௫
ଶ
ቁ = ଶ(1ܣ +  (19)               (ݔ݇ ݏ݋ܿ

Express this as an intensity we find ܫ = ܵ(݇)(1 +  .(ݔ݇ ݏ݋ܿ
The plasma emits a range of frequencies. Using a similar 
approach we write: 

(ݔ)ܫ = ∫ ܵ(݇)(1 + ∞݇݀(ݔ݇ ݏ݋ܿ
଴              (20) 

Where ܵ(݇) is the spectrum. In a measurement, (ݔ)ܫ is 
recorded for a range of ݔ, the average value is subtracted 
out leaving what is called the interferogram. This is the 
Fourier transform 

(ݔ)ݐ݊ܫ = ∫ ܵ(݇). ∞݇݀ ݔ݇ ݏ݋ܿ
଴                 (21) 

To obtain the spectrum ܵ(݇); we carry out the inverse 
transform 

ܵ(݇) = ଶ
గ ∫ .(ݔ)ݐ݊ܫ ∞ݔ݀ ݔ݇ ݏ݋ܿ

଴        (22) 

V. SUMMARY 

The electrons, in a tokamak plasma are confined by 
total helicoidal magnetic field gyrate around the field lines. 
These gyrating electrons emit electromagnetic radiations 
known as electron cyclotron emission ECE at the cyclotron 
resonance frequency and its harmonics. These frequencies 
fall in the millimeter wave region of electromagnetic 
spectrum.  

The main diagnostic aim of time-resolved spectroscopy of 
electron cyclotron emission is to determine the evolution of 
the electron temperature profile as a function of time. The 
toroidal magnetic field and the aspect ratio of fusion 

devices such as tokamaks determine the spectral range of 
the EC emission. 

The optical depth decreases with increasing harmonic 
number and depends on the electron density and, in a hot 
plasma, on the electron temperature. In most fusion 
plasmas, the first harmonic in ordinary mode and the first 
and second harmonics in extraordinary mode are optically 
thick in the bulk plasma. 
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