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Abstract—The aim of this work is to apply the 0ptimal 

Derivative procedure to a physical nonlinear system with 
excitation. We present a study of a nonlinear electronic circuit 
with excitation and the nonlinearity is the Josephson junction. 
 

Index Terms—Nonlinear system - ordinary differential 
equation - optimal Derivative -  Josephson junction. 

 

I.  INTRODUCTION 
A class of ordinary differential equations is the nonlinear 

characteristic behaviour of electronic circuits. Among the 
infinity of possible temporal dependencies, the circuits in 
free regime and circuits with sinusoidal excitation play an 
important role.  

These systems are primarily used free system to model the 
behaviour of circuits in the absence of signals. This steady 
state of the circuit before it is excited by a signal of finite 
duration and the return to steady state after injection thereof.  

Systems with sinusoidal excitation modeless especially 
circuits of electric power distribution and transmission 
channels of modulated signals. One of the most important 
features of the behaviour of a circuit is his or her system 
solutions. The solution scheme is mainly dictated by the 
asymptotic behaviour of sources that depend on time.  

We are interested in this study for physical systems 
modelling of electronic circuits which are excitedly usually 
described by systems of ordinary differential equations, 
nonlinear form  
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We apply the optimal method of derivation introduced by 
Arino-Benouaz [12, 13, 16, 18, 15], and a comparison is 
made from the square error between the nonlinear system and 
linear optimal obtained [20]. 
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II. PROBLEM 
Consider the system of ordinary differential equations 

non-linear form  
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Where 
( )nxxx ,,1=  is the unknown function 

( )nuuu ,,1=  represents the excitement that can be 
constant (continuous), or variable with time (sinusoidal 
source)  

( )nfff ,,1=  is a function defined in some open, 
with values in IRn.  

In the absence of any stimulation ( ( ) 0=tu ), the system is 
at equilibrium.  

We have the following assumptions:  
H1) ( ) 00,0 =F  
H2) F is, Lipchitz continuous of Lipchitz constantγ .  

H3) The spectrum is contained in the set { }0 Re: <zz  

for everyone 0≠x in a neighbourhood of 0, which 
( )xFD  exists.  

The problem that arises can be translated as follows:  
 Find a linear ordinary differential equation of the form  
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Approaching the nonlinear equation (1) with the same 
initial conditions such that the functional  

( ) ( ) ( )( ) ( ) ( )∫
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−−=
0

2,, dttuBtxAtutxFBAG
  (3) 

is minimal. ( ) ( )( )tutxF ,  being as above, and 

( ) ( )n
n IRMBA ∈~,~

 to determine.  
The problem thus posed is type optimization in the 

least-squares sense. The aim is try to replace the original 
nonlinear equation by a linear equation. That means try to 
make an approximation of the solution of system (1) by that 
of (2). Minimizing the functional with respect to A and B is 
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compared to solutions from the initial point and tend to the 
solution plan when +∞→t . 

III. FORMALISM 
Minimizing the functional is obtained by differentiating 

with respect to A and B. This minimization allows us to 
calculate the optimal matrices BA ~et    ~

 such as  
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for all matrices βα  and , in particular matrices such that  
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After calculations [16.18], and with 
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we obtain  
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This allows us to have the matrices A and B as  
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The matrices A and B are defined and unique if that the 
functions ( ) ( )xx BA ΓΓ   and    are invertible.  

IV. PROCEDURE 
A. Schematic procedure of the optimal derivative  

The diagram of the procedure derived optimal is given in 
the following diagram  

 
Fig. 1 Schematic procedure of the optimal derivative 

B. Computational Procedure. 
We will use the preceding calculation iteratively. Assume 

that successive matrices Aj and Bj are stable, i.e. its spectrum 
is contained within{ }0Re: <zz . The initial matrices A0 
and B0 are respectively the Jacobian matrices of F at x0 where 
DF(x) exists, and u0 where DF(u ) exists. x0 is the initial 
condition and u0 represents the excitation at t = 0.  
Consider the system (1)  
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Second step  
Compute A1 and B1 from the solution of the equation  
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which reads as follows  
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minimizing the functional  

( ) ( ) ( )( ) ( ) ( ) .,,
2

0
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A1 and B1 are determined uniquely by the system of 
equations (8), where x is replaced by y and v(t) is the 
excitation at time t. 

This shows that apart from the initial matrices, the matrices 
determined by the procedure are not the Jacobian matrix of F 
at a given point. Subsequently, it is necessary that the 
conditions for the start of the study are met at every step. If 
we assume that this is true then the procedure works as 
follows  
Third step  

Assuming that A1,…,Aj-1 and B1,…,Bj-1  have been 
computed, to compute Aj from Aj-1 and Bj from de Bj-1, we 
must first solve the following system  
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Let yj the solution of equation (12) as 
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and vj is the excitation at time t. 
Minimizing the functional  
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leads to 
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If the suites ( )jj B,A  converges, then ( )B~,A~  represent the 

derivation of the ( ) ( )( )tutxF ,  in the point ( )ux ,0  

V. APPLICATION 
We present in this section an application relating to the 

procedure of the optimal derivative of a system of nonlinear 
ordinary differential equations with excitation, by applying 
the procedure developed above. The nonlinearity is 
concerning the non-linear Josephson junction. 

The majority of the research work of the Quantum 
Nanoelectronics Group is based on Josephson junctions. The 
Josephson junction was predicted by Brian Josephson in 
1962, for which he won the Nobel Prize for Physics in 1973. 
In its most general form it consists of two superconductors 
separated by a thin layer of something which is not 
superconducting. The interference between the wave 
functions of the superconducting condensate on either side of 
this non-superconducting barrier leads to a variety of 
interesting quantum phenomena, many of which have been 
(or can be) exploited in applications 

This will allow us to illustrate by comparing curves or by 
calculating a quadratic error, the results obtained. The 
calculation of the quadratic error is using the following 
relation  

( ) ( )∑
=

−=
n

n
tytxEr

1

~                (16) 

x (t) represents the solution of nonlinear system,  
( )ty~  represents the solution of the system obtained from 

the optimal Derivative. For this application, we consider a 
physical system modelling a simple electronic circuit 
(Figure.2.)  

 
Fig.2. Electronic circuit with a nonlinear junction 

 
This is a circuit with two state variables (voltage drop vC 

across the terminals of the capacity and φL flow of the 
Josephson junction), whose nonlinearity is the presence of 
the non-linear Josephson junction [10].   

( )φKIi sin0=                     (17) 
The laws of Kirchhoff relating to the nodes and the meshes 

of the circuit give us the following equations of state 
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We consider that the capacity C was initially charged by a 
voltage

0Cv , so the initial conditions of the nonlinear system 

are  
( ) ( )0,10,

00
=LCv φ             (19) 

The parameters chosen in the circuit are  
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then the system (18) becomes, taking into account the 
values of circuit components, as  
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with  
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H(t) being the Heaviside function. 
By applying the procedure developed above and after six 

iterations ( 610−=ε ), the optimal linear system can be 
written  
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Figures (3) and (4) represent the respective components of 
the solution of systems (22) and (24) with respect to time. 
Figure (5) represents the quadratic error with respect to time. 

 
Fig.3. Variation of the solution x(t) with respect to time for the initial 

conditions (x0, y0) = (10,0) 

 
Fig.4. Variation of the solution y(t) with respect to time for the initial 

conditions (x0, y0) = (10,0) 
 

 
Fig.5. The quadratic error as a function of time between the nonlinear system 

(22) and the optimal linear system (24) 
 

Note that the solution given by the optimal derivative is of 
the same order of magnitude as that given by the nonlinear 
equation. It makes it possible to bring the system after 
excitation, of its position of balance towards its point of 
operation (or solution plan). This is attested by the study of 
the quadratic error which reaches its maximum at time t = 13 
s, 5.73% and thus remains small.  

This error becomes too small when st 30≥  i.e. when the 
solutions reach the point of operation of the electronic circuit. 
At this level the solution of the nonlinear system is almost 
confused with that of the optimal linear system. 

VI. CONCLUSION 
The exposed example shows that the approximation 

obtained by the optimal derivation gives satisfactory results 
compared to the exact results while respecting the dynamics 
of the initial problem. 

We note that although the solutions obtained converge to 
the plan solution when +∞→t . 
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